
Chapter 4

Applica tion: Micr oarra y Image

Anal ysis

In image analysis problems, there is uncertainty about the state of the system being imaged

due to the inherent ambiguities of the imaging process.We can usea probabilistic model to

represent the imaging process,giving a joint probabilit y distribution over the image and the

state of the system being imaged. Determining this hidden state from the image is therefore

another example of Bayesian inference. Once again, the complexity of the model tends to

render exact inference intractable and therefore approximate solutions can be obtained, for

example,using variational inference.

In this chapter, a particular imageanalysisproblem, the problem of analysingscannedim-

agesof DNA microarrays, is investigated using this Bayesianapproach. Variational inference

is carried out using an extended form of Variational MessagePassingwhich usesimportance

sampling to handle a conditional distribution that is not in the exponential family. Whilst

such variational importance sampling was developed by Lawrence et al. [2002], its inclusion

within the messagepassingframework is my own work.

4.1 DNA Microarra ys

DNA microarray technology allows rapid identi�cation of the level of expressionof thousands

of genesin a tissue or organism, all on a single slide.

Gene expressionmicroarrays are typically produced by transferring cDNA 1 or oligonu-

cleotides2 in high salt solutions onto chemically modi�ed glass microscope slides using a

contact-prin ting instrument [Eisen and Brown 1999;Hegdeet al. 2000]. ThesecDNA probes

are exposed to target cDNA which has been reverse-transcribed and labelled with a 
uo-

rescent dye. The target cDNA then binds with just those probes that have complementary

1Complementary DNA (cDNA) has a basesequencewhich is the complement of an original DNA sequence.
The complement of a sequenceis one with each base replaced by its complementary base: A by T, C by G,
and vice versa.

2An oligonucleotide is a short stretch (usually 2-50 bases)of single-stranded DNA.
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basesequences,in a processknown ashybridisation. The resultant hybridisation patterns are

detected by 
uorescent imaging of the slide. The image must then be processedto identify

the presenceand levels of geneexpressionin the target.

There are a number of existing software tools for analysing microarray images and ex-

tracting the geneexpressiondata. For example ScanAlyze3 allows a user to mark by hand

the sizeand shape of each spot in the image. It would be desirableto automate this process,

as this would both reducethe time taken to analysethe imagesand improve the reliabilit y of

the resultant geneexpressiondata. Although there have beenseveral attempts at automating

this processusing semi-empirical approaches, such as Dapple [Buhler et al. 2000] and Spot

[Dudoit et al. 2000],thesetools tend to be tuned for a particular type of image. Adopting any

one such tool is often a long processof trial and error as the interplay of e�ects of algorithm

parameters is di�cult to anticipate.

In this chapter, I present a system for automatic analysis of microarray images using

Bayesianmethodology and variational inference. Whilst the systemdoeshave a small number

of parameters, these directly model our knowledge of the imagesto be analysedand so any

necessaryinitialisation is straightforward. Most image parametersare automatically inferred

from the image or taken from the con�guration �le of the contact-prin ting instrument that

was usedto print the microarray.

In Section4.2, I describethe experimental setupusedto obtain test images.A probabilistic

model of microarray imagesis developed in Section4.3 and a method of performing inference

in this model using an extendedform of Variational MessagePassingis described, with results

on real images,in Sections4.4 and 4.5. A solution to the problem of locating grids of spots

is given in Section 4.6 and the entire system discussedin Section 4.7. Finally, in Section 4.8,

the question of how to analyse the resultant geneexpressiondata is addressedand a brief

examplegiven which usesVariational MessagePassing.

4.2 Microarra y Images

A typical microarray slideconsistsof a rectangular array of sub-grids,each sub-grid printed by

one pin of the contact-prin ter. A sub-grid consistsof an array of spots, each spot containing

a single cDNA probe. The hybridised arrays are imaged using a scanner, such as a laser

scanningconfocal microscope, and the output stored as 16-bit image �les. Where a number

of dyesare used,one image is produced for each.

Microarray images typically have signi�cant background noise and can also have other

noise artefacts, some of which are intro duced during the scanning process. For example,

when using a wide-�eld CCD scanner, dust particles on the slide can causescatter 
ares

(large, bright circular artefacts) which may obscureone or more of the spots. Alternativ ely,

when using a laser scanner,re
ections within the optical subsystemof the scannercan result

in the intro duction of additional falsespot images. In addition, the spots themselvesvary in

3ScanAlyze software is available from http://rana.lbl.gov/EisenSoftware.htm .
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(a) (b)

Figure 4.1: (a) Section of an image from a laser scannershowing false spots (the two very
faint spots above each top corner of the grid), noiseartefacts and a high level of background
noise. (b) Section of an image from a wide-�eld scanner showing the reduced background
noise which is an advantage of this scanner. Unfortunately, this type of scanneralso causes
scatter 
ares { the one seenhere obscuresfour of the spots. Note the variation in spot shape
and sizein each image. In both images,the intensities have beenmapped so as to make dim
spots visible.

sizeand shape, even within a singlesub-grid. When there are setsof imagesfor di�eren t dyes

on the sameslide, somenoiseartefacts will be common to all of the dye images,whilst there

are often systematic variations in background noisefrom dye to dye.

Figure 4.1 shows two sub-grids extracted from actual microarray images which include

examplesof many of thesenoiseartefacts.

4.2.1 Exp erimen tal metho dology

The microarray imagesusedthroughout this chapter were created in the Ashburner Labora-

tory at Cambridge University GeneticsDepartment by Gos Micklem, David Kreil et al., who

have kindly madethem available for this research. The variations betweenmicroarray images

are partly due to the di�eren t experimental methodologiesand equipment used in di�eren t

laboratories. For this reason,the methodology usedto create the test imagesfor this system

will now be described in somedetail.

The microarrays usedwere printed using the BioRobotics MicroGrid I I Total Array Sys-

tem4 contact-prin ting instrument and 48 BioRobotics MicroSpot 2500split-pins. Drosophila

GeneCollection PCR-ampli�ed cDNA inserts from the BerkeleyDrosophila GenomeProject5

were printed on in-housecoatedPoly-L-Lysine slides. To minimise variations due to environ-

4http://www.biorobotics.co.uk/
5http://www.fruitfly.org/
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mental e�ects, a BioRobotics Humidit y Control Unit was used and printing took place in a

temperature controlled room.

Printed slides were heated, and cross-linked using UV light. Unspeci�c binding of DNA

to the slides was blocked using a solution of succinic anhydride in 1-methyl-2-pyrrolidinone

and boric acid. Double stranded DNA was denatured by further heat treatment.

Tissue from the fruit 
y Drosphila was homogenisedin TRIzol, and RNA was extracted

and precipitated with chloroform and isopropanol. Sampleswere then directly labelled by re-

versetranscription incorporating nucleotideswith a covalently bound dye (either Cy3-dCTP

or Cy5-dCTP). Sampleslabelled with di�eren t dyes were then jointly hybridised on a mi-

croarray slide using a Genomic Solutions GeneTAC hybridisation station.

To provide a variety of test images, the slides were scannedwith one of two di�eren t

scanners:a GenomicSolutionsGeneTAC LS-IV confocal laserscanneror an Applied Precision

ArrayWoRx wide-�eld CCD scanner.

4.3 A Probabilistic Mo del for Microarra y Images

As in any inference problem, we start by de�ning our probabilistic model. The observed

variables within this model are the grey levels of the image pixels. The model must also

include latent variables representing the information that we are trying to extract from the

image: the shape and location of the individual spots. Any assumptionsthat we make about

the imaging processwill be explicitly encoded in the model. The model therefore de�nes, by

its assumptions,what types of imagesare suitable for analysis using this system (i.e. those

where theseassumptionshold).

Rather than working with the entire slide image, we assumethat we have extracted a

sectionof the imagewhich contains a singlesub-grid, like thoseof Figure 4.1. The number of

rows and columnsin the sub-grid canbe found from the con�guration �le for the array printer.

This �le also tells us the approximate size of each spot and their approximate separations.

Finally, we assume,at this stage,that we have a rough estimate of the location of each spot.

This could be provided through user input (such as by specifying the location of three corner

spots and interpolating using a regular grid) or by automatic means, as will be discussed

later.

4.3.1 Laten t variables and their prior distributions

We now de�ne our latent variables. The actual location of each spot will be represented by a

two-dimensionalvector variable c = (cx ; cy), which is the location in pixels speci�ed relative to

the initial estimated location. The spot is assumedto be an axis-aligned ellipse and so the

shape is encoded by r = (r x ; r y) where r x is the radius in the x-direction and r y is the radius

in the y-direction. The assumption that spots are axis-aligned ellipsesis a good assumption

in the vast majorit y of caseswhere the spots are nearly circular and distortions are due to

slight di�erences in scanning resolution on the x and y axes. However, extending the model
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to allow for rotated ellipsesor other shapes is also possibleprovided one is willing to accept

the additional computation required to learn the extra parameters.

The prior distribution over the position vector c is de�ned to be a Gaussiandistribution

P(c j � c; 
 c) = N (c j � c; 
 � 1
c ); (4.1)

where 
 c is a diagonal inversecovariancematrix. The parameters� c and 
 c are governed by

conjugate hyper-priors

P(� c) = N (� c j m c; � � 1
c I ) (4.2)

P(
 c) = Gamma(
 c00 j ac; bc)Gamma(
 c11 j ac; bc): (4.3)

The parameter m c is set to the supplied rough location of the spot and the precision � c is set

to give a corresponding standard deviation of onequarter of the distancebetweenthe centres

of adjacent spots. The parametersac and bc were set to 0.05 and 0.1 respectively.

We de�ne a similar prior distribution over the sizevector r with parametersf � r ; 
 r g and

hyper-parametersf m r ; � r ; ar ; br g:

P(� r ) = N (� r j m r ; � � 1
r I ) (4.4)

P(
 r ) = Gamma(
 r 00 j ar ; br )Gamma(
 r 11 j ar ; br ): (4.5)

In this case,m r is set to the expected radius determined from the con�guration �le; all other

parametersare the sameas for the centre prior. To distinguish betweenthe location and size

variable for di�eren t spots, we de�ne the j th spot to have location cj and sizer j .

4.3.2 The lik eliho od function

The likelihood function de�nes the probabilit y of a particular imagegiven a particular setting

of all the latent variables f cj ; r j gJ
j =1 . In order to simplify the inferenceproblem, we separate

this likelihood function into a product of functions each corresponding to a small area of the

imagecontaining a spot. Thus, the likelihood function for the j th spot givesthe probabilit y of

the rectangular subimageI j centred on the approximate location of the j th spot given the j th

set of parameters f cj ; r j g. This independenceassumption is valid provided that the amount

of `wobble' on the array printer is not so great that the spots actually overlap { if this is not

the caseand there are overlapping spots, there would be great di�cult y determining their

individual intensities anyway. In practice, this assumption holds as the spots are typically

well separated. In the future, higher density arrayers may try to �t more spots on a single

slide and image analysis may then require a model which does not make this independence

assumption.

It follows that, within any given subimageI j , we expect to �nd a single spot. A setting

of the parameters f cj ; r j g partitions the pixels of I j into two disjoint sets: the spot pixels S
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which lie inside an ellipse with centre cj and radii r j and the remaining background pixels B

which are outside the ellipse. In de�ning our likelihood function, we now make the further

assumption that the probabilit y distribution over the intensity of a particular pixel depends

only on whether it is in S or B . This pixel independenceassumption allows us to write the

likelihood function as

P(I j j cj ; r j ) =
Y

b2 B

PB (I b)
Y

s2 S

PS(I s); (4.6)

where PB (I b) is the likelihood function for background pixel intensity and PS(I s) is the

likelihood function for spot pixel intensity.

This raises the question of how to de�ne PB and PS. One approach would be to use

the rough spot positions to divide the entire sub-grid image into (approximately) spot and

background pixels and to use the statistics of these two sets of pixels to de�ne PB and PS.

The di�cult y with this approach is that the distribution over pixel intensities varies from

spot to spot and, in most images,varying background noisemeansthat the distribution over

background pixel intensities also changessigni�cantly , even within a single sub-grid. Hence,

if we were to �x PB and PS for the entire sub-grid, we would su�er from problems like

background noise in one part of the image masking dim spots in other areasof the image,

even if there were little background noisethere.

We can avoid theseproblemsby inferring PB and PS separately for each spot. To achieve

this, we quantise the pixel intensities into one of K bins. Each of PB and PS is then a

discrete distribution which de�nes the probabilit y of a pixel intensity being in each bin. The

parametersof PS are the K probabilities f p1; p2; : : : ; pK g whereeach pi is the probabilit y that

a spot pixel will lie in the i th intensity bin. Similarly, the parametersof PB aref q1; q2; : : : ; qK g.

The likelihood function may now be rewritten as

P(I j j cj ; r j ; f pkg; f qkg) =
KY

k=1

pnk
k

KY

j =1

qmk
k ; (4.7)

where nk is the number of pixels in S that lie in the kth bin and mk is the number of pixels

in B that lie in the kth bin. We then de�ne a Dirichlet prior over theseparametersso that

P
�
f pkgK

k=1

�
= Dirichlet

�
f pkgK

k=1 j f ukgK
k=1

�
(4.8)

P
�
f qkgK

k=1

�
= Dirichlet

�
f qkgK

k=1 j f vkgK
k=1

�
: (4.9)

Consider just the spot pixels S. We can now marginalise out f pkg and write the likelihood
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in terms of the Dirichlet parameters f ukg only,

P(S j f ukg) =
Z  

KY

k=1

pnk
k

!

Dir (f pkgj f ukg) dp1 : : : pK (4.10)

=
Z

Dir (f pkgj f uk + nkg) dp1 : : : pK

Q
k �( uk + nk )

�(
P

k uk + nk )
�(

P
k uk )

Q
k �( uk )

=
Q

k �( uk + nk )
�(

P
k uk + nk )

�(
P

k uk )
Q

k �( uk )
; (4.11)

where�() is the gammafunction. A similar marginalisation for the background pixels B gives

us our �nal likelihood function

P(I j j cj ; r j ; f ukg; f vkg) =
� Q

k �( uk + nk )
�(

P
k uk + nk )

�(
P

k uk )
Q

k �( uk )

�
�

� Q
k �( vk + mk )

�(
P

k vk + mk )
�(

P
k vk )

Q
k �( vk )

�
: (4.12)

The prior parameters f ukg and f vkg can be thought of as pseudo-counts and can be set

to be proportional to histograms of spot and background pixels over the entire image plus

a constant value of 1 (to allow for previously unobserved intensities). The sums of these

pseudo-counts dictate the strength of the Dirichlet priors. Good results were achieved when

the sum of pseudo-counts wasset to be equal to the number of pixels in each subimageand K

was set to 300. Our entire probabilistic model can now be expressedas a Bayesiannetwork,

as shown in Figure 4.2.

N
J

cj r j

I j ;n

� c;j � r;j

u v


 r;j
 c;j

Figure 4.2: The Bayesian network for a probabilistic model of microarray sub-grid images.
The sub-grid contains J spots each of which hasa centre cj and radii r j which wewish to infer.
The subimageI j contains the j th spot and consistsof N pixel intensity values,quantised to
oneof K states. Given a spot location and size,thesepixels are divided into two disjoint sets:
spot pixels and background pixels. The discrete distributions over pixel intensities for each
set have beenmarginalised out and so are not shown, but are instead governed by Dirichlet
priors, whoseparametersu, v are common to all spots. In this model, theseparametersare
�xed to constant values, indicated by the useof squarenodes in the graph.



4.4. VARIA TIONAL MESSAGE PASSING WITH IMPORTANCE SAMPLING 84

4.4 Variational Message Passing with Imp ortance Sampling

The Bayesiannetwork de�ned in the previous sectiondoesnot allow for the direct application

of Variational MessagePassingin order to �nd the posterior over spot sizesand positions. The

problem arisesdue to the form of the conditional P(I j ;n j cj ; r j ). This function is nonlinear

and not an exponential family distribution. When using variational messagepassing, this

prevents us from �nding an analytical form for the child-to-parent messagesfrom I j ;n to cj

and to r j , which in turn prevents us from �nding the updated variational posteriors Q(cj )

and Q(r j ). Instead, we turn to sampling methods to approximate the posterior variational

distribution of Q(cj ) and Q(r j ), whilst continuing to use standard VMP for the rest of

the graph. E�ectiv ely, the sampling method will be used as a subroutine within the VMP

algorithm. A range of sampling methods are available; for simplicit y, we follow Lawrence

et al. [2002]and use importance sampling.

Importance sampling is a technique which allows the calculation of approximate expecta-

tions under a posterior distribution P(x). For example,supposewe wish to �nd the expecta-

tion of a function f (x), we would aim to evaluate,

hf (x)i P =
Z

f (x)P(x) dx: (4.13)

This integral is intractable and sowe intro ducea proposaldistribution q(x) (not to beconfused

with a variational distribution Q(x)),

hf (x)i P =
Z

f (x)
P(x)
q(x)

q(x) dx: (4.14)

The proposal distribution is selectedso that it is easyto sample from and we useL samples

from it to approximate our desiredexpectation:

hf (x)i P �
1
L

LX

i =1

f (x i )
P(x i )
q(x i )

(4.15)

where the ratios P(x i )=q(x i ) usedto weight each sampleare known as importance weights.

Importance sampling only allows us to estimate the expectations of functions under a

posterior P, rather than generate samples from P(x). The calculation of expectations is

su�cien t in this case becausewe only need to compute expectations of natural statistic

vectors (which are just functions of individual variables).

When used in conjunction with variational messagepassing, it makes senseto perform

all importance sampling within one node Z : the node whoseconditional distribution is non-

exponential family (in this case,Z corresponds to the I j ;n node). The posterior distribution

we aim to approximate is therefore the joint variational distribution over all parents of Z

(which in this caseis Q(cj )Q(r j )). We make the assumption that Z is observed, as is the

casein the microarray model.
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Now wemust choosea proposaldistribution which is assimilar aspossibleto our posterior.

Consider if we ignore the e�ect of the Z node from the calculation of the variational posterior

of one of its parents X j . The parametersof such an (incorrect) posterior can then be found

analytically using

� �
j = � j

�
f mX i ! X j gi 2 paj

�
+

X

k2 chj nZ

mX k ! X j (4.16)

where we are ignoring the messagefrom Z . We shall call this posterior R j (X j ). Whilst

this posterior is clearly not equal to Q�
j , it will be similar to it and so usable as a proposal

distribution for importance sampling. We therefore de�ne the messagefrom the parent X j of

an importance sampling node Z to be

mX j ! Z = hu j i R j (4.17)

wherewe are sendinga natural statistic vector rather than a parameter vector for consistency

with other parent-to-child messagesonly (as either vector is su�cien t to parameteriseR j ).

At Z , we de�ne a proposal distribution over the parents which is the product of the

R distributions for each parent. We then draw S samplesf paZ
(s)gS

s=1 from this proposal

distribution, which is a straightforward operation as we can sample for each parent variable

independently . Following the importance sampling methodology, we �nd the importance

weight of each samplefrom the ratio of the variational distribution to the proposaldistribution

evaluated for that sample

ws =
1
K

Q(paZ
(s) )

Q
j 2 paZ

Rj (X (s)
j )

(4.18)

=
1
K

P(Z j paZ
(s) ) (4.19)

where the normalising constant K is chosento be
P S

s=1 ws, so that the sum of all the im-

portance weights is one. The fact that theseweights are calculated from Z and the samples

meansthat the calculation can be performed locally. All that remains is to usetheseweights

to estimate the required expectations of natural statistic vectors for each parent

hu j (X j )i Q �
SX

s=1

wsu(X (s)
j ) (4.20)

and to sendtheseasthe messagefrom Z to that parent. The parent then adopts this message

as the new expectation of its natural statistic vector. The corresponding distribution can be

thought of as an exponential family approximation to the variational posterior.

One problem with importance sampling is that the sampling estimate can be dominated

by a few sampleswith very high weights. This occurs when there is a mismatch betweenthe

proposaldistribution R and the distribution of interest (in this case,the variational posterior
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Q). The claim here is that the proposal distribution R is adaptive, adjusting in line with

observed data, thereby improving the match betweenR and Q.

The quality of the samplesobtained during importance sampling can be summarisedby

Se� = 1P S
s=1 w2

s
where 1 � Se� � S which is known as the e�ective number of samples.

This quantit y is used to determine the quality of the sampling approximation and also as a

convergencecriterion. The contribution of Z to the lower bound L can also be estimated

using

L Z �
SX

s=1

wsP(Z j paZ
(s) ) =

K
Se�

: (4.21)

4.5 Inference in the Microarra y Image Mo del

The hybrid variational/sampling algorithm described above was applied to the microarray

image model, using S = 100 samples. The order of the updates for each spot was that

the sampling node I j ;n was updated �rst, followed by the remaining nodes. Due to the

high computational expenseof updating the sampling node, this node was only updated one

iteration in ten.

As only a (noisy) estimate of the lower bound was available, it could not be used in the

normal way asa convergencecriterion. Instead, the algorithm wasdeemedto have converged

when Se� becamegreater than S=4 or a �xed maximum number of iterations was reached.

4.5.1 Handling missing and obscured spots

Microarray images frequently have gaps where no spots appear, corresponding to cDNA

probes where little or no hybridisation has occurred. There are also occasionswhere noise

artefacts are su�cien t to obscure or heavily mask the spot. The sub-grids of Figure 4.1

showed examples of each of these situations. In both cases,the image model used above

provides a poor model of the resultant spot image; its assumption of an elliptical boundary

betweentwo areaswith di�ering intensity distributions simply doesnot hold. In the caseof

missing spots, the model assumesa spot exists with the same intensity as the background

which leads to signi�cant uncertainty in the inferred spot location and size. In the caseof

obscuredspots, the inferred spot size and position can be incorrect; indeed, it may not be

possibleto determine the actual position of such spots from the image.

For an image analysisalgorithm to be useful, it must identify thesetwo special casesand


ag the spots so as to avoid outputting false or inaccurate data. The identi�cation of these

casescan be achieved by intro ducing new image models for each caseand performing model

comparison. The image model for a missing spot is simply an image whose pixels are all

background pixels. As there are no latent variables in this model, we can write the image

probabilit y directly as

P(I j j H 1) =
� Q

k �( vk + mk )
�(

P
k vk + mk )

�(
P

k vk )
Q

k �( vk )

�
(4.22)
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where the Dirichlet parameters f vkg are as de�ned for the standard model and mk is the

number of pixels in the subimageI j whoseintensities lie in the kth intensity bin.

We can de�ne a similar model for obscured spots. When a spot is badly obscured by

noise, then the image will contain non-background pixels due to this noiseas well as due to

the spot. These pixels will not lie in an elliptical region. In fact, the shape of the region

will be unpredictable as we cannot make assumptionsabout what form the noise may take.

Instead, we assumethat any pixel is equally likely to be background or non-background and

so its intensity distribution is an equal mixture of the background and foreground intensity

distributions. The image probabilit y under this model is therefore similar to that of the

missing spot model except that the Dirichlet parameters f wkg are set to be the averageof

f ukg and f vkg,

P(I j j H 2) =
� Q

k �( wk + mk )
�(

P
k wk + mk )

�(
P

k wk )
Q

k �( wk )

�
: (4.23)

If we refer to the image model described in Section 4.3 as H 0, the approximate evidencefor

this model can be written as

P(I j j H 0) � exp(L (Q)) : (4.24)

If we assumethat each subimageI j was generatedfrom one of these three models, then the

posterior probabilit y for the i th model is

P(H i j I j ) =
P(I j j H i )P(H i )

P 2
k=0 P(I j j H k )P(H k )

: (4.25)

For simplicit y, P(H i ) was chosen to be uniform and each spot was 
agged as NORMAL,

MISSING or BAD (i.e. obscured)basedon the model that had the highest posterior proba-

bilit y. The uncertainty in this 
ag state is not currently maintained asit is di�cult for further

processingstagesto make use of it. Certainly, no existing tools are capable of maintaining

many hypothesesabout spot states during further processing.

4.5.2 Up dating the prior parameters of the mo del

Becauseeach sub-grid is printed by one pin of the arrayer, it is reasonableto assumethat all

the spots in a particular sub-grid are of a similar sizeand have similar deviations in position

from a regular array. This assumptioncould beencoded in our model by the addition of shared

hyper-hyper-priors over the parametersm c, � c, m r , � r and suchlike. Posterior distributions

over these parameters could then be inferred using variational messagepassing. However,

the addition of theselatent variable nodesin the graph would prevent inferencebeing carried

out separately for each spot. It was decided, for the sake of simplicit y, just to update the

parameters m c, � c, m r , � r from the results of one passof the algorithm and then reapply

using these new parameter settings. These new prior parameters provide a much stronger

learned prior and give an algorithm that is more robust to noisethan one basedon any �xed

setting of theseparameters.
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4.5.3 Determining the spot in tensities

The purposeof image analysis is not to �nd spot locations and sizesbut to determine their

intensities. The intensity E j of the j th spot will be a function of the spot parameters � j =

f cj ; r j g and the subimageI j

E j = f (I j ; � j ): (4.26)

For each spot, there is uncertainty in the parameters � j . We cannot therefore solve Equa-

tion 4.26directly, but canonly computethe expectation of E j under the approximate posterior

distribution over � j ,

hE j i Q(� j j I j ) =
Z

f (I j ; � j )Q(� j j I j ) d� j : (4.27)

Our estimate of the posterior distribution over � j is available as a set of samplesfrom this

distribution f � (1)
j ; � (2)

j ; : : : ; � (S)
j g with corresponding importance weights f w1; w2; : : : ; wSg.

Importance sampling dictates that the above expectation is approximated by

hE i P (� j j I ) �
SX

i =1

wi f (I j ; � (i )
j ): (4.28)

The function f is typically chosento be the mean or median intensity of all the spot pixels.

To give an indication of the accuracy of this intensity value, its variance can be found using

var(E j ) = hE 2
j i � hE j i 2.

4.5.4 Spot-�nding results

The results of the microarray imageanalysisalgorithm on two test sub-grid imagesare shown

in Figure 4.3. The ellipses drawn over the image show the expected spot size and shape

under the approximate posterior distribution given by the inferencealgorithm. The ellipses

are colouredaccording to the spot states: NORMAL spots are green,BAD spots are red and

MISSING spots are yellow. Spots which were found to be missing are marked using ellipses

which are the averageshape and sizeof all non-missingspots in the sub-grid.

The two imageshave very di�eren t noisecharacteristics. In particular, the right hand sub-

grid has a high level of background noiseincluding scatter 
ares. Nonetheless,the algorithm

has located the spots with good accuracygiven the level of noise.

4.6 Automatic Sub-grid Lo cation

The spot-�nding algorithm described above requires a set of approximate spot positions as

a starting point. These can be obtained, for example, by requiring the user to locate a

regular array of circles over each entire sub-grid. Whilst this is clearly much quicker than

locating each spot individually , it is still time-consuminggiven that each slide imagetypically

contains tens of sub-grids. If our goal is to automate the analysis of these images, then we

should certainly aim to be able to �nd this approximate initialisation automatically.
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(a) (b)

Figure 4.3: Results of the microarray image analysis algorithm on two test sub-imageswith
di�eren t noise characteristics. The ellipsesshow the expected spot size and position under
the approximate posterior distribution. The ellipsesare coloured greenfor NORMAL spots,
red for BAD (obscured) spots and yellow for MISSING spots. The results show that the
algorithm is robust even to high levels of background noise.

As before, let asassumethat we have an imageI that contains only oneentire sub-grid of

spots (there may be other partial sub-grids). The printing and scanningprocesswill intro duce

distortions in the imagesothat each sub-grid is not an exactly axis-aligned,rectangular array

of spots. Indeed, the array may be translated, scaled,rotated, shearedor distorted in a non-

linear fashion. However, we shall ignore non-linear e�ects and assumethat the distortion can

be modelled by an a�ne (linear) transform well enoughto give a good approximation of spot

locations. This assumptionsholds in the test imagesusedbecausethe non-linear distortions

are not signi�cant over the scale of individual sub-grids. The aim of automatic sub-grid

location will therefore be to learn the a�ne transform which givesthe best approximation of

spot locations.

4.6.1 The sub-grid transform and its prior

The a�ne transform T givesa mapping from the physical slide co-ordinates(x; y) in millime-

tres to image co-ordinates(u; v) in pixels, de�ned as follows:
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A : (4.29)

The vector c = (cx ; cy) contains the image co-ordinates of the centre of the sub-grid. The

matrix M = (m00 m01; m10 m11) represents any rotation, scaleor skew intro duced by the

printing and scanningprocess.
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The inferencetask is to �nd the posterior distribution over the latent variable T , so we

must de�ne a prior over T . We assumeindependencebetweenall the parameters

P(T j H) = P(c j H )P(M j H) (4.30)

P(c j H ) = N (cx j 0; � 2
x )N (cy j 0; � 2

y ) (4.31)

P(M j H) = Gamma(m00 j a0; b0)Gamma(m11 j a1; b1) �

N (m01 j 0; � 2
0)N (m10 j 0; � 2

1) (4.32)

where the standard deviations � x and � y in the sub-grid centre co-ordinates were set to be

equal to half the distancebetweenthe sub-grids in the x and y directions. Suitable valuesfor

the other parameterswere found to be a0 = b0 = a1 = b1 = 10, � 0 = � 1 = 0:02.

4.6.2 Inferring the sub-grid transform

For any sensiblechoice of likelihood function P(I j T ), the posterior distribution over T will

have a number of local maxima corresponding to translations of the sub-grid by one or more

rows or columns from the true position. This meansthat gradient-based or local inference

methods cannot be used initially as they would almost certainly get caught in one of these

local maxima. Instead, we must use a procedure that explores all of the posterior modes

su�cien tly well to �nd the onecontaining the global maximum. Oncethis hasbeenachieved,

we can return to a gradient-basedor local inferencemethod to �nd the maximum of this mode

and so �nd a MAP solution for T . The posterior distribution is fairly tightly peaked around

each local maximum and hencethere is little point in retaining the uncertainty in T for a

given mode, especially given that we are only looking for a rough initialisation. Note that as

we do not require a posterior distribution over T and we cannot uselocal inferencemethods,

Variational MessagePassingwill not be used in this case. Instead, the approach presented

here is to start by exhaustively searching the spaceof T using a likelihood function that is

extremely rapid to compute. This givesa solution which should be in the sameregion as the

MAP solution. Then, conjugate gradient ascent with a more computationally expensive (but

higher quality) likelihood function is usedto �nd the MAP solution.

In each case,the transform T is usedto divide the imageinto spot pixels S and background

pixels B . As in spot-�nding, we assumeindependencebetween pixels and therefore the

likelihood function for the entire imagecan be written asthe product of each pixel's likelihood

P(I j T ; H ) =
Y

b2 B

PB (I b)
Y

s2 S

PS(I s); (4.33)

where PB (I b) is the likelihood function for background pixel intensity and PS(I s) is the

likelihood function for spot pixel intensity. It is convenient to work with the log-likelihood as
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Figure 4.4: (a) The sum of pixel intensities within the shadedrectangleD can be found from
the valuesof the integral image at each corner. The value at corner 1 is A , at corner 2 it is
A + B , at corner 3 it is A + C and at corner 4 it is A + B + C + D . The sum within D is
thus 4 + 1 � 2 � 3. (b) Enlargement of part of a transformed sub-grid showing how the spot
ellipsescan be reasonablywell approximated by rectangular regions. Note that the sub-grid
has beenboth rotated and sheared.

then the pixel log-likelihoods can simply be added together

logP(I j T ; H ) =
X

b2 B

logPB (I b) +
X

s2 S

logPS(I s): (4.34)

4.6.3 Searching through transform space

The �rst step of our inferenceprocedure requires us to search through the spaceof possible

transforms. To evaluate a likelihood function directly on the individual pixel intensities would

involve at least as many operations as the number of pixels in the image (t ypically in excess

of 200,000operations). Even if we limited the operation to a simple addition, this would not

be an e�cien t function to evaluate and so not suitable for usewith a search.

Instead, inspired by the work of Viola and Jones[2001],the imageis �rst transformed into

an intermediate representation known as an integral image. The value of the integral image

at (x; y) is equal to the sum of all pixel intensities above and to the left of that location in

the original image:

i (x; y) =
X

x0� x

X

y0� y

I (x0; y0): (4.35)

The sum of pixel intensities in any axis-aligned rectangular region with corners (x1; y1) and

(x2; y2) can then be found using just four valuesof the integral image (seeFigure 4.4a)

i rect (x1; y1; x2; y2) = i (x2; y2) + i (x1; y1) � i (x1; y2) � i (x2; y1): (4.36)
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A lik eliho od function using the in tegral image

We can exploit the speedof calculating theserectangular area sumsby choosing a likelihood

function basedon intensity sums and approximating our transformed spots with rectangles.

Despite the fact that transformed spots are ellipses,their approximation by rectanglescan be

quite good if the transformation is not too extreme,asshown in Figure 4.4b. Each rectangleis

centred on the spot centre and set to have the sameareaand aspect ratio as the transformed

spot. The (approximate) sum of all spot pixels
P

S I s is then found by adding the intensity

sums for each spot rectangle, given by the integral image. The sum of all background pixel

intensities
P

B I b is found by subtracting this from the sum of all pixel intensities (which is

the value in the lower-right corner of the intensity image):

X

b2 B

I b = i (xmax ; ymax ) �
JX

j =1

i rect (x j ;1; yj ;1; x j ;2; yj ;2); (4.37)

where the cornersof the rectangle approximating the j th spot are (x j ;1; yj ;1) and (x j ;2; yj ;2).

Now we assumethat the background pixels have an intensity distribution with a peak close

to zero and which decreasesmonotonically with intensity. This sort of distribution can be

modelled using a truncated exponential distribution

PB (I b) =
1
� exp(� I b

� )

1 � exp(� I max
� )

0 � I b � I max (4.38)

where � is a scaleparameter and I max is the maximum intensity value. The log-likelihood of

all background pixels is then

logP(B j H) = �
1
�

X

b2 B

I b � jB j[log � � log(1 � exp(� I max=� ))] : (4.39)

In Equation 4.39, the only dependenceon the image is the sum of the background pixel

intensities and the likelihood can be readily calculated from the integral image.

As spot pixels can have any intensity, they are modelled by a uniform distribution between

0 and I max , giving PS(I s) = 1=Imax .

Search by regular sampling

Bayes'sTheorem givesthe posterior distribution over T to be

P(T j I ; H ) / P(I j T ; H )P(T j H); (4.40)

where the proportionalit y has beenintro duced as we are ignoring the evidenceterm P(I j H )

which does not depend on T . We now need to search through the spaceof T to �nd a

transform T̂ that maximises this posterior probabilit y. Even though we have an extremely

e�cien t likelihood function, this multi-dimensional search is only possiblebecausewe need
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to search through only those transforms which are closeto the identit y (as image distortions

are relatively small). As only small shearsand rotations occur, just four dimensions were

considered:the two location and two scaleparameters. This four-dimensionalspaceis divided

into a regular grid and the posterior evaluated at each point in the grid, a procedureknown

as regular sampling. In all, the posterior is evaluated at � 64,000values of T and the one

that givesthe maximum value is taken to be the approximate solution T̂ .

4.6.4 Finding the MAP solution

The secondstep of the inference procedure involves �nding a MAP solution by re�ning T̂

using conjugategradient ascent. 6 This method will �nd the local maximum of the posterior in

the region of the approximate solution T̂ , which should be the overall Maximum A Posteriori

solution. To do this, new background and spot intensity distributions are usedwhosegradient

can be computed

PB (I b) = N (I b j 0; � 2) (4.41)

PS(I s) = N (I s j I max ; � 2): (4.42)

If we consider the pixel at image location x, the corresponding point on the physical slide

is u = T � 1x, for a particular transform T . We de�ne a function � (u) to be equal to I max

if u is inside a spot (according to the original con�guration of the printing device) and zero

elsewhere.At this stage we no longer approximate the spot ellipse by a rectangle. The log

likelihood for any pixel is then written as

logP(I (x) j T ) = logN (I (x) j � (u); � 2) (4.43)

= �
[I (x) � � (u)]2

2� 2 + const: (4.44)

The gradient of this pixel log likelihood function w.r.t. T is

d
dT

logP(I (x) j T ) = �
[I (x) � � (u)]

� 2 r I (x) uT : (4.45)

The function r I (x) is the two-dimensionalgradient of the image intensity at x which can be

approximated using vertical and horizontal Sobel �lters [Nalwa 1993]. The gradient of the

entire log likelihood function is found by simply summing over all pixels,

d
dT

logP(I j T ) =
X

x

d
dT

logP(I (x) j T ): (4.46)

This gradient can then be usedwith a conjugate gradient method to �nd the MAP solution

T MAP . Conjugate gradient methods are e�cien t in that they only require a few evaluations

of the gradient. This e�ciency means that, although calculating the gradient requires a

6Conjugate gradient descent is described in Bishop [1995].
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(a) (b)

Figure 4.5: (a) The result of using the sub-grid location algorithm on a scaledversion of a
test slide image. Individual sub-grids are found, which allows initial sub-grid imagesto be
extracted (such asthe imageon the right). Unfortunately, the assumptionof an a�ne imaging
transform combined with extreme noisee�ects at the edgeof many slide imagesprevents this
algorithm from working well in general and it can be necessaryto perform this initial step
manually. (b) A sectionof a scannedimagewhich contains a singlesub-grid and the sub-grid
outline corresponding to the MAP transform found by the inferencealgorithm. The algorithm
has correctly located the sub-grid within the image. The algorithm can be applied to image
sectionswhich have beenextracted automatically, as in (a), or manually.

calculation for each pixel and is not particularly rapid, the overall processis still very quick.

When extremely noisy imagesare used,an additional step can be addedto ensurethat the

MAP solution hasbeenfound and to avoid o�-b y-one-row/column errors. The four transforms

corresponding to shifting T MAP one column to the left or right or one row up or down are

usedas initial points for the conjugate gradient algorithm. If any of theseleadsto a solution

with higher posterior probabilit y than T MAP then it is chosento be the new T MAP and the

procedure is repeated. Otherwise, the existing T MAP is used.

4.6.5 Results for sub-grid �nding

Figure 4.5b shows the outline of a transformed sub-grid found using this method. Unfortu-

nately, it is di�cult to assessthis algorithm's performancequantitiv ely as I have beenunable
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to �nd any competing algorithms that perform the identical task. In addition, asthe output is

only approximate, it is di�cult to comparethe results of two algorithms, except qualitativ ely

(i.e. whether the result coincided with the sub-grid or was incorrectly placed). In practice,

the above algorithm wasable to locate sub-gridscorrectly in the vast majorit y of images. The

only imagesit failed on were test imageswhere entire edgerows or columns were extremely

faint. The presenceof calibration spots in standard sub-grid imageswould normally prevent

this from occurring.

4.6.6 Overall sub-grid location

The sub-grid location method described above relies on having an image with only one en-

tire sub-grid in it. To extract such an image automatically requires an initial step which

determinesthe approximate location of all the sub-grids within the entire slide image.

Once again, we would like to automate this process. One possibility is to re-apply the

method of �nding sub-grids to an image of the entire slide. We assumethat the sub-grids

themselves are arranged in a rectangular array which has been transformed by an unknown

a�ne transform. Basedon this assumption, the above algorithm can simply be applied to a

scaledversionof the slide image,so that the algorithm �nds an array of sub-grids rather than

spots. Figure 4.5a shows the output of the algorithm on an exampleslide image.

This method only givesan approximate sub-grid position (largely due to the assumption

of an a�ne transform) and thus the extracted image used is the rectangle that contains the

sub-grid enlarged in all directions by a small margin. This margin is currently set to twice

the distance from spot centre to spot centre.

This method has been found to be e�ectiv e on relatively undistorted slides with low

background noise. Unfortunately, on other slide images it does not perform well. On an

entire slide image,the assumptionthat the imaging transform is a�ne can be a poor onewhen

there are large scalenon-linear distortions. Additionally , there can be extreme noiseartefacts

around the edgeof the slide image, which are not modelled well by the simple background

model described earlier. To provide a reliable automatic solution for this step would involve

learning a non-linear transform (i.e. a warp) and having a more complex intensity model.

The alternativ e is to require the user to specify a linear transform and usea larger extracted

image. As this requires just three mouseclicks per entire slide image, automating this step

is not critical.

4.7 Discussion

In Sections4.1{4.6, I have presented an algorithm for microarray imageanalysisthat is based

on an extension of Variational MessagePassingwhich incorporates importance sampling to

handle non-exponential family distributions. The algorithm is capableof identifying whether

a spot is missing or obscuredby noiseartefacts and has beenshown to perform well even in

microarray imageswith a high level of background noise. In addition, I have shown that the
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VMP algorithm can be initialised with a set of rough spot locations using a procedurethat is

either automatic for fairly cleanslide imagesor requiresminimal userinteraction (three mouse

clicks) for noisy, distorted slide images. This provides considerabletime savings comparedto

using a procedurewhich requires locating each sub-grid by hand.

4.8 Gene Expression Data Analysis

The analysis of microarray images leads to a large quantit y of geneexpressiondata, along

with appropriate measuresof the certainty of those data (such as the standard deviation of

the error in each measurement). The next step is to organise,analyseand visualise this data

to reach conclusionsabout the biological processesbeing studied. The methods which can be

usedto achieve this are as open endedas the range of biological processesavailable to study.

To date, a variety of methods have beenusedincluding:

� clustering by correlation/m utual information [Eisen et al. 1998; Spellman et al. 1998;

Michaelset al. 1998]

� graph-based/hierarchical clustering [Ben-Dor et al. 1999;Bar-Josephet al. 2001]

� Gaussianmixture model clustering [Yeung et al. 2001]

� self-organisingmaps [Tamayo et al. 1999]

� dimensionality reduction (PCA, ICA) [Raychaudhuri et al. 2000;Hori et al. 2001]

� latent variable modelling [Martoglio et al. 2002].

The majorit y of existing approachesdo not take into account the uncertainty in the expres-

sion level data and do not provide a rigorous way of comparing di�eren t models for the data.

It is an ongoing theme of this thesis that data analysis should be carried out by proposing

probabilistic models, performing Bayesian inferenceto learn model parametersand compar-

ing models using Bayesian model selection. It follows that analysis of geneexpressiondata

should alsoproceedalong theselines and, indeed, this approach is starting to be usedby some

researchers. Hartemink et al. [2001]discussthe useof Bayesiannetworks asmodelsof biolog-

ical function which allow handling of uncertain expressiondata and rigourous comparisonof

di�eren t models whilst also permitting the intro duction of latent variables (such as protein

levels). Friedman et al. [2000] have used Bayesian networks to model the S. cerevisiae cell-

cycle measurements of Spellman et al. [1998]and were able to capture much richer structure

from the data than clustering methods, despite using models with no latent variables.

If probabilistic models in general,and Bayesiannetworks in particular, are to be usedfor

geneexpressiondata analysis, then it follows that the Variational MessagePassingalgorithm

can be applied to rapidly perform approximate inferenceand model selectionon novel models,

provided they are conjugate-exponential or can be made so. To demonstrate the easeof use

of this algorithm, I now present an exampleof using Variational MessagePassingto perform
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Independent Component Analysis on a small gene expressiondata set. The aim of this

example is to provide a short illustration of how VMP allows complex models to be quickly

constructed and applied to real data sets,rather than to break new ground in geneexpression

data analysis.

4.8.1 ICA of gene expression data using VMP

When applying Independent Component Analysis (ICA) to geneexpressiondata, the pattern

of geneexpressionfor each tissue is represented as a linear superposition of a small number

of underlying patterns or signatures. Unlike when using Principal Component Analysis, these

signaturesare not constrained to be orthogonal but are instead assumedto have amplitudes

that are statistically independent of each other.

The coreassumptionof ICA, therefore, is that our geneexpressiondata X = (x 1 : : : xN )T

can be modelled as a linear combination of signatures S = (s1 : : : sM )T plus someGaussian

noise � , so that

X = W T S + � (4.47)

where each column of W gives the amounts of each signature present in the corresponding

tissuesample. The aim is to infer the signaturesS, the amplitude matrix W and the number

of signaturesM .

Following Miskin [2000], the rows of W are modelled using M Gaussianmixture models

with C components, each of which has the form described in Section 1.8.7. The number

of signatures is found by using an Automatic Relevance Determination prior � m on each

signature (each row of S) which allows signatures to be switched o� if their presenceis not

supported by the data. The Bayesiannetwork for this ICA model is shown in Figure 4.6.

N

C

M

xn

sm

� m � m;c 
 m;c

�

� n;m Wn;m � m

Figure 4.6: The Bayesian network for the Independent Component Analysis model. Each
geneexpressionvector xn is viewed as a linear superposition of signatures sm . The hyper-
parameter � m controls which of the signatures are switched o� and so allows the number
of signatures to be determined. The elements in each row of the amplitude matrix W are
modelled using a mixture of C Gaussianswith parameters f � m;c ; 
 m;cgC

c=1 , where the means
are set to be zero. The reconstruction error is modelled as being Gaussianwith precision � .
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ICA mo del applied to ovarian tissue samples data

Now that the Bayesian network which we are using to model the data has been speci�ed,

Variational MessagePassingallows inferenceto proceedautomatically for any supplied data

set. This will now be demonstrated on a small data set consisting of the gene expression

levels of 175 genesin 17 tissue samplesfrom Martoglio et al. [2000]. The tissue set consists

of ovarian samples,someof which are tumourous, as described in Table 4.1.

Tissue Num ber Description
1 Normal (pre-menopausal)

2-5 Normal (post-menopausal)
6-10 SerousPapillary Adenocarcinoma (SPA)
11-14 Poorly Di�eren tiated SPA (PD-SPA)

15 Benign SerousCarcinoma (BSC)
16-17 Benign Mucinous Carcinoma (BMC)

Table 4.1: Descriptions of the tissue samplesin the ovarian tissue data set

The ICA model convergedin about 200iterations. A Hinton diagram showing the expected

value of W under the optimised variational posterior is shown in Figure 4.7. As can be seen

from this diagram, only 7 out of a possible17 signatureshave beenretained.

Tissue sample number

S
ig

na
tu

re
 n

um
be

r

Figure 4.7: Hinton diagram of the expected W amplitude matrix under the variational pos-
terior when the ICA model is trained on a data set of ovarian tissue samples. The rows
correspond to the 17 possiblesignatures{ of which only 7 have beenused. The columnsshow
how much of the signaturesare present in the each of the 17 tissue samples.
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Biological in terpretation of the inferred gene signatures

The ICA model assumesthat the overall geneexpressionpro�le of each tissue is due to the

superposition of the gene expressionsof a number of independent biological processes. It

follows that the amplitude matrix W represents the level of activit y of these processesin

each tissue sample. By comparing the activit y of a signature to the known characteristics of

each tissue, it is possible to infer broadly which biological processthe signature represents

and therefore what genesare associated with that process.

Firstly , considerthe fourth signature whoseactivit y and geneexpressionlevels are shown

in Figure 4.8. This signature is present at a near-constant level in all of the samples. In

addition, the signature contains only positive expressionlevels for all genes. This signature

can therefore be interpreted as representing the geneswhich are expressedin all ovarian

tissuesat any time. Such genesare referred to as housekeeping genesas they are responsible

for essential cell function such as the maintenanceof cell cycle, metabolism and so on.
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Figure 4.8: (a) Hinton diagram showing the level of activit y of the 4th signature in each of
the 17 tissue samples. As can be seen,this signature has almost constant activit y in all the
tissue samples. (b) Bar chart showing the expressionlevels (in arbitrary units) of each of
the 175 genesfor the 4th signature. This signature expressesall of the genesand so can be
regardedas representing the housekeepinggenesfor all ovarian tissue samples.

Secondly, considerthe 8th signature (Figure 4.9) which is only strongly present in the �rst

tissue sample. This sample is the only pre-menopausalsample in the data set and it seems

likely, therefore, that this signature di�eren tiates pre-menopausalfrom post-menopausalgene

expression.

Finally, consider the 15th signature (Figure 4.10) which is only strongly present in the

15th tissue sample. This sample is the one sample in the data set from a Benign Serous

Carcinoma and hence this signature may be indicativ e of the presenceof such a tumour.

Clearly, a larger data set would be required before any strong conclusionscould be drawn

concerningthe biological interpretation of particular signatures.
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Figure 4.9: (a) Hinton diagram showing the level of activit y of the 8th signature in each of
the 17 tissue samples. The signature is only strongly present in the �rst sample. (b) Bar
chart of the geneexpressionlevels for the 8th signature. This signature is dominated by the
expressionof the 43rd gene(which codesfor an Endothelin-1 receptor).
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Figure 4.10: (a) Hinton diagram showing the level of activit y of the 15th signature in each of
the 17 tissue samples. The signature is only strongly present in the 15th sample which was
from a Benign SerousCarcinoma. (b) Bar chart of the geneexpressionlevels for the 15th
signature.

4.8.2 Conclusion

This brief examplehas shown that Variational MessagePassingallows rapid application of a

plausible probabilistic model of geneexpressionto a small data set. The resultant set of gene

expressionsignatureshas allowed sometentativ e interpretation of the independent biological

processesinvolved.

Overall, it has beenshown that Variational MessagePassingcan be applied successfully

both to analysescannedimagesof microarrays and to interpret the resultant geneexpression

levels to reach conclusionsabout the underlying biological systems.
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