Chapter 2

A Varia tional Inference
Framew ork

Variational methods have been applied successfullyto a wide range of probabilistic models
including:

Principal Componert Analysis [Bishop 1999b],

Independert Componert Analysis [Miskin and MacKay 2000; Choudrey et al. 2000],
Relevance Vector Machines [Bishop and Tipping 2000],

Hidden Markov Models [MacKay 1997],

Mixtures of Factor Analysers [Ghahramani and Beal 1999],

Neural Networks [Barber and Bishop 1998].

In eath case, the update equations for the model had to be worked out by hand, along
with an expressionfor the lower bound. Even for very simple models these calculations can
be lengthy (for example Equations 1.59-1.63),whilst for more complex models they rapidly
becomevery unwieldy indeed (seeSection 3.3.1). Furthermore, these equationsthen needto
beimplemented in model-speci ¢ code. Each of thesestepsis both time consumingand error-
prone. Thesedi culties presen a signi cant barrier to the adoption of variational methods
and to their usewith models of the complexity required for many real world applications.

In this chapter, | describe Variational MessagePassing,a general purposealgorithm for
variational inferencewhich allows a wide variety of probabilistic models to be implemented
and solved variationally without recourseto coding. | will also describe my software imple-
mentation of this algorithm, which is called VIBES (for Variational Inference for BayESian
networks). This chapter extends the description of the variational inferenceframework and
my work on VIBES originally preseried in Bishop, Winn, and Spiegelhalter[2002].
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2.1 Variational Message Passing

In Chapter 1, it was demonstrated how the exact inference method of variable elimination
can be replacedby a graph algorithm which usesmessagepassing: belief propagation. Belief
propagation hasthe advantage of being a genericprocesswhich can be applied to any singly-
connecteddiscrete probabilistic model to perform e cien t exact Bayesian inference within
that model. Similarly, BUGS allows approximate inference using Gibbs Sampling in almost
any probabilistic model, again by exploiting an e cien t graph algorithm. Each of these
algorithms relies on being able to decomposethe required computation into calculations that
are local to ead node in the graph and which require only messagegassedalong the edges
connectedto that node.

In order to create a general purpose variational inference algorithm, it is necessaryto
decomposethe maximisation of the lower bound (Equation 1.40) into a set of local compu-
tations for eady node and a mechanism for passingmessagedetweenthem. In this section,
this procedurewill be followed to create the Variational MessagePassingalgorithm.

2.1.1 A factorised Q distribution leads to local computations

Let us assumethat we have a probabilistic model which is a Bayesiannetwork with variables
X divided into obsened variables D and hidden variables H. For the initial derivation, it
will be assumedthat the variational distribution is factorised over the hidden variablesfH;j g,
where ead variable correspondsto a node in the Bayesian network:

Y
Q(H) = Qj(H)): (2.1)
i
This factorisation is an example of the factorised Q distribution of Section1.8.4 and leadsto
the samesolution for the optimised form of the j th factor

Iong (Hj) = HogP(H;D)i Q)+ const (2.2)

We now substitute in the form of the joint probability distribution of a Bayesiannetwork, as
givenin Equation 1.8.
Dx E
logQ; (Hj) = i logP (X jpa) o) + const (2.3)
i
Any terms in the sumoveri that do not depend on H;j will be constart under the expectation
and can be subsumedinto the constart term. This leavesonly the conditional P(H; jpa)
together with the conditionals for all the children of Hj, asthesehave Hj in their parent set.
X

logQ; (Hj) = logP(Hjjpa) + _logP(Xijpa) + const (2.4)
i2ch Q(H))
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Figure 2.1: A key obsenation is that the variational update equation for a node H; depends
only on expectations over variables appearing in the Markov blanket of that node (shown
shaded). This is de ned asthe set of parerts, children and co-parerts of a node.

Thus, the expectationsthat must be found to evaluate Q; involve only those variableslying in
the Markov blanket of Hj, consisting of its parerts, children and co-parerts? (asillustrated in
Figure 2.1). The optimisation of Q; canthereforebe expressedn terms of alocal computation
at the node Hj. Moving the expectation inside the summation gives

X
logQ; (Hj) = HogP(Hj jpa)i g+ " hogP (X« jpak)i qen;) *+ const (2.5)

k2cl

which shows that the optimisation can be written asthe sum of a messagefrom the parent
nodes along with one messagefrom ead of the child nodes. We can thus decompose the
overall optimisation into a set of local computations that depend only on messagesrom
neighbouring (i.e. parent and child) nodesin the graph. The form that these messagesake
will depend on the functional form of the conditional distributions.

2.1.2 Message passing in conjugate-exp onential models

It has beennoted [Attias 2000; Ghahramani and Beal 2001] that important simpli cations
to the variational update equationsoccur when the distributions of variables, conditioned on
their parameters, are drawn from the exponertial family and are conjugate with respect to
the prior distributions over these parameters. In this thesis, a somewhatdi erent viewpoint
is adopted, in that | make no distinction betweenlatent variablesand model parameters. In a
Bayesiansetting, theseboth correspond to unobsened stochastic variablesand can be treated
on an equal footing. This allows conjugacy to be considerednot just betweenvariables and
their parameters,but hierarchically betweenall child-parent pairs in the graph. As described
in Section 1.4.3, a model where all the conditional distributions are both conjugate and in
the exponertial family is called a conjugate-expnential model.

1The co-parerts of a node X are all the nodeswith at least one child which is also a child of X (excluding
X itself).
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I will now derive an algorithm for performing variational inferencein any conjugate expo-
nertial model using messageassingon a Bayesiannetwork. In such a model, the conditional
probability of one of the latent variablesH; givenits parents will bein the exponertial family

logP(Hj jpay) = (pay) uj(Hj) + fj(Hj) + g (pay): (2.6)

The subscript j on ead of the functions ;;u;;f;;g is required as thesefunctions dier for
di erent members of the exponertial family and so needto be de ned separately for eadh
node.

Considera node X 2 ch; which is a child of Hj. The conditional probability of X given
its parents will alsobein the exponertial family and so can be written in the form

logP (XkjH;j;cpd)) = ((Hj:ep)Tuk(Xk) + fi(Xk) + ge(Hj;cpd) 2.7)

where cp(kj) are the co-parerts of Hj with respect to Xy { in other words, the set of parerts
of Xy excluding H; itself. The quartity P(H; jpa;) of Equation 2.6 can be thought of as a
prior over Hj, and P (X ] H; ;cpE)) as a (contribution to) the likelihood of H;. Consider an
examplewhere X is Gaussiandistributed with meanH; and precision . It follows that the

co-parert set cp(kj) contains only , and the log conditional for Xy is

" #e" #
H; Xk

logP (XkjHj; )= X2

+ 0+ L(log HZ log2 ): (2.8)

2

Conjugacy requires that the conditionals of Equations 2.6 and 2.7 have the samefunctional

form with respect to Hj, and sothe latter can be rewritten in terms of u; (H;) by de ning
functions ©,; and asfollows

logP (Xkj Hj;cp’) = € (Xi;epd)Tuj (H)) + (X epl): (2.9)

It may appear from this expressionthat the function €,; dependson the form of P (H; j pa)
and so cannot be determined locally at X¢. This is not the case, becausethe conjugacy
constraint dictates what uj(H;j) must be for any parert Hj of Xy, meaningthat ek;j can be
found directly from the form of the conditional P (X j pax). In the example,we can nd ek;j
by rewriting the log conditional of Equation 2.8 in terms of H; to give
" #4" #

Xk |:|j2 + i(log X2 log2); (2.10)
2 ]

logP(XkjHj; )=

which lets us de ne ek;j and dictate what u;j (Hj) must be to enforceconjugacy

" # " #
def Xk H;j

€ (X ) = CoouHp =

2 j

(2.11)
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In order to compute the variational update for Hj, we needto be ableto nd the expecta-
tions of theselog conditionals with respect to all factors but Q;(H;j). The expectation of the
natural statistic vector u under any exponertial family distribution can be found from the
natural parameter vector of that distribution 2. The consequenceof this is that we can nd
hu;i (Xi)ig for any variable X;. In the casewhere X; is obsered, the expectation is irrelevant
and we can simply calculate u;j (X;) directly. We cantherefore calculate the expectation under
the variational distribution Q of any function which is linear (or multi-linear 3) in the set of
functions fu;(X;)g.

From Equations 2.7 and 2.9, it can be seenthat logP (X j H; ;cpg)) is linear in uk(Xy)
and u; (H;) respectively. Conjugacy also requires that this log conditional will be linear in
ui(X;) for ea co-parent X; 2 cp(kj). Hence, logP (X j H; ;cp(kj)) must be a multi-linear
function of those members of fu;(X;)g corresponding to Xy and its parents. This result is
generalin that any log conditional logP (X jpa) must be a multi-linear function of u;(X;)
and fui(X.,-)ngzﬁai. For example#the log conditional of#Equation 2.8 is multi-linear in

Xk H;
wXi) = Lo uH) = S andu ()= 0g
k j

Returning to the variational update equation for a node H; (Equation 2.5), it follows that
all the expectations on the right hand side can be calculated in terms of the hui for ead node
in the Markov blanket of H;. Substituting for these expectations, we get

IOng (Hj) = h j)EDaj%TUj(Hj) + fj(Hj)+ g (paj)| Q(H;)
+ i (Xk;Cp(kj))TUj(Hj)+ (Xk;cp(kj)) |+ const
k2ch; Q(Hj)

which can be rearrangedto give

2 37
X D 0 E
logQj(H)) = 4 j(Pa) )+ S (Xiiep) 3 ui(H))
k2 ch; .
+f;(Hj) + const (2.12)

It follows that Q; is an exponertial family distribution of the sameform as Q; but with an
updated natural parameter vector ; such that
x D 0) E
p= ) + € (Xiiepy’)
k2 ch;

(2.13)

where all expectations are with respect to Q. As explained above, the expectations of

and €, are both multi-linear functions of the expectations of the natural statistic vectors

2The natural statistic vector and natural parameter vector of an exponertial family distribution werede ned
in Section 1.4.3 on page 7.

3f is a multi-linear function of variables a;b::: if it varies linearly with respect to eac variable. For
example, y = ab+ 3bis multi-linear in a and b aswe can write y = (ha+ 3bandy = (3+ a)b.
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corresponding to their dependert variables. It is therefore possibleto de ne thesefunctions
explicitly as j and €;:

i fhuiigizpa, b i (Pay) E (2.14)
. . def i
i mk'?fhullgmpg) = € (Xk;Cpf(J)) : (2.15)
" #
. X
In our example of Equation 2.11, we had €, (Xk; ) = k. We can now de ne € as
2
follows " #
hu ighugi
€ (huishu i) &' ottido (2.16)
%h,l o

where hugig and hu ig are the rst elemers of the vectors hugi and hu i respectively (and
soare equalto hXi and h i). As required, we have reparameterisedek;j into a function €y
which is a multi-linear function of natural statistic vectors.

We have now reaced the point where we can de ne exactly what form the messages
betweennodesmust take. The messagerom a parert node X; to a child node Xj is just the
expectation under Q of the natural statistic vector

Mmx;1 X = h,liiZ (2.17)
The messagefrom a child node X to a parent node X; is

Mx, 1 x; = Sk huki; Tmy, x, (2.18)

g,ZCpE)
which relies on having received messagegpreviously from all the co-parens. If any node X;
is obsened then the messagesire asde ned above but with hu;i replacedby u;.

The approximate posterior distribution Q; at a node X is de ned by the natural pa-

rameter vector ;. This vector ; is computed from all the messageseceived at a node
using
X
i = fmxiox;Gizpa + Mx 1 X! (2.19)
k2 ch;

The new expectation of the natural statistic vector hujig can then be found, as it is a
deterministic function of ;.
2.1.3 Example: the univ ariate Gaussian model

Toillustrate how Variational MessagePassingworks, let us return to the univariate Gaussian
model of Section 1.8.5 (page 23). The conditional distribution of eat data point x; is a
univariate Gaussian. This distribution is in the exponertial family and soits logarithm can
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QO QO QO QC
x x

fmy: ¢ |
(a) (b) (c) (d)

Figure 2.2: (a)-(d) Messagepassingprocedurefor variational inferencein a univariate Gaus-
sian model. The bracesaround two of the message#dicate that a setof N distinct messages
are being sert.

mXi! g

be expressedn standard form as

logP(xij; 1= L %(Iog 2 jog2 ) (2.20)

Nl

and so ux(xi) = [xi;x?]". This conditional can also be written so asto separateout the
dependencieson and

logP(xij; 1) = ) +%(Iog x2 log2 ) (2.21)

NI N

= ( '1 ) log2 (2.22)
5 log

which showsthat, for conjugacy u ( ) mustbe[; 2]" andu ( ) mustbe[ ;log ]' orlinear

transforms of these*. Therefore, must have a Gaussianprior and a Gamma prior asthey

are the exponertial family distributions with these natural statistic vectors. We introduce

the parametersm, , a and b, sothat

, + %(Iog m?2 log2 ) (2.23)
" #e " #
+ alogb log ( a): (2.24)

logP( jm; )

logP( ja;b 4 1 l0g

Message passing in the univ ariate Gaussian model

We can now apply messagepassingto infer the distributions over and variationally. The
rst messagenust be sert from a parent to a child and sowe have the choiceasto whether to
start with a messagdrom or . If westart with a messagdrom then variational message
passingwill proceedas follows (illustrated in Figure 2.2a-d).

4To prevent the need for linear transformation of messagesa normalised form of natural statistic vectors
will always be used, for example[; 2]" rather than [ 2+ 3; 4 .
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(&) The messagesn | x, from to ead of the obsened nodes x; are the same, and are
just equalto hu ( )i = [hi;Hog i]". Theseexpectation are with respect to the initial
setting of Q .

(b) Each x; node has now received messagedrom all parents but , and so can send a
messagdo  which is the expectation of the natural parameter vector in Equation 2.21,

n #
h iXi
Myt = hi

(2.25)

2

(c) Node hasnow received its full complemen of incoming messagesnd can update its
natural parameter vector,

= + My (2.26)

N
I}
[y

The new expectation hu ( )i canthen be computed under the updated distribution Q
and sert to ead x; asthe messagem | , = [hi;h 2i]".

(d) Finally, ead x; node sendsa messageback to  which is

" #
l(x? 2xihi+ h?
My, = 2(Xi an ') (2.27)
2
and can update its variational posterior
" #
b X
= + My (2.28)

As the expectation of u ( ) haschanged,we cannow gobad to step (a) and sendan updated
messagdo ead x; node and soon. Hence,in variational messageassing,the messaggassing
procedureis repeated again and again until convergence(unlik e in belief propagation where
the exact posterior is available after a messagegassingis performed once).

Each round of variational messagepassingis equivalernt to one iteration of the update
equationsin standard variational inference. To seethis, compare the variational posteriors
computed by this algorithm to the update equations 1.59{1.62 derived before.

2.1.4 Calculation of the lower bound L(Q)

The lower bound is essetial for diagnosing convergence, setting termination criteria and
performing model selection. In previous variational approacdes, an expressionfor the lower
bound (or an analogousquartit y) has beendetermined by hand and coded separatelyto the
variational update equations. It hasbeensuggestedthat this calculation can act asa "double
ched' on the correctnessof the implementation of update equations (as the bound should
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only ever increaseor stay the same). Whilst this is true to someextent, it is possible for
implementation errors to occur in the bound calculation as well and, since the complexity
of this calculation is signi cant (typically equivalent to that of all the update equations
together), considerablee ort must be expendedto ched its correctness. In addition, if the
update equations are changed due to altering the model, the bound ewaluation has to be
changedas well. Keeping the two syndironised can be time consuming.

This problem is addressedin this framework by providing a way to calculate the bound
automatically. To recap, the lower bound on the log evidenceis de ned to be

L(Q) = HogP(H;D)i hQ(H)i; (2.29)

where the expectations are with respect to Q. In a Bayesian network, with a factorised Q
distribution, the bound becomes

X X
L@ = ~ HogP(Xijpa)i  HogQi(H)) (2.30)
X :

Li (2.31)

o

=ef

i
where it has been decomposed into cortributions from the individual nodesfL jg. For a
particular latent variable node H;, the cortribution is

Lj = HogP(H;jpg)i HogQj(H;)i: (2.32)

Given that the model is conjugate-exponertial, we can substitute in the standard form for
the exponertial family

Li = h I;1(|oaj)Tihu,-(H,-)i + 1 (H))i + hg (pay)
i Thuj (Hp)i+ R (Hp)i+ 62 5) (2.33)

where the function gj0 is a reparameterisation of g, soasto make it a function of the natural
parameter vector rather than the parert variables. This expressionsimpli es to

Li = h(pa)i ; hup(H))i+ hg(pay)i g ) (2.34)

Three of theseterms are already calculated during the variational messaggyassingalgorithm:
h j(paj)i and ; when nding the posterior distribution over H; (seeEquation 2.19), and
huj (H;)i when calculating outgoing messagedrom Hj. Thus, considerablesaving in compu-
tation are made comparedto when the bound is calculated separately
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Each obsened variable Dy also makesa contribution to the bound

L HogP (D j pax)i (2.35)

h j(pay)iTuK(Dy) + f(DK) + g2 h | (pay)i : (2.36)

Again, computation canbe saved by computing uy, (D) during the initialisation of the message
passingalgorithm.

Example: Calculation of the lower bound for the univ ariate Gaussian mo del

In the univariate Gaussianmodel, the bound cortribution from ead obsened node X; is
" #He" #
hih i - . Y
Ly, = lh il X'2 N Hog i hih % log2 (2.37)
v X 2

and the contributions from the parameter nodes and are

" 40 #o" #
L= o, hzl- + 2 log m? log %+ @ (2.38)
>t 5 h <i 2
n k)o #T n - #
+
L = Ob hi _ +alogb log (a) a%logh’+ log (@%: (2.39)
a a Hog i

The sum of the cortributions from all the nodes may be seento be equal to expressionfor
the bound given in Equation 1.63,if we notethat qh 2  2m%h i+ m®) = 1.

2.2 Allo wable Mo dels

The Variational MessagePassingalgorithm can be applied to a wide classof models, which
will be characterisedin this section.

2.2.1 Conjugacy constrain ts

The main constraint on the model is that ead parent{c hild edgemust satisfy the constraint
of conjugacy Conjugacy allows a Gaussianvariable to have a Gaussianparent for its mean
and we can extend this hierarchy to any number of levels. Each Gaussiannode hasa Gamma
parent asthe distribution over its precision. Furthermore, each Gamma distributed variable
can have a Gamma distributed scaleparameter b, and again this hierarchy can be extended
to multiple levels.

A discretevariable can have multiple discreteparents with a Diric hlet prior over the entries
in the conditional probability table. This allows for an arbitrary graph of discrete variables.
A variable with an Exponertial or Poissondistribution canhave a Gamma prior over its scale
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| Distribution || 1% parent | Conjugate dist. || 2" parent | Conjugate dist. |
Gaussian mean Gaussian precision Gamma
Gamma shape a None scaleb Gamma
Discrete probabilities p Dirichlet parents fx;g Discrete
Diric hlet pseudo-couts a None
Exponertial scalea Gamma
Poisson mean Gamma

Table 2.1: The valid distributions for ead parameter of a number of exponertial family
distributions if the model is to satisfy conjugacy constraints. Conjugacy also holds if the
distributions are replaced by their multiv ariate counterparts e.g. the distribution which is
conjugateto the precisionmatrix of a multiv ariate Gaussianis a Wishart distribution. Where
\None" is speci ed, no standard distribution satis es conjugacy.

or meanrespectively, although, asthesedistributions do not lead to hierarchies, they may be
of limited interest.

Theseconstraints are listed in Table 2.1. This table is encaled in the variational message
passing algorithm and used, during initialisation, to chedk the conjugacy of the supplied
model.

Truncated distributions

The conjugacy constraint doesnot put any restrictions on the f x (X) term in the exponertial
family distribution. If we choosefy to be a step function
( 0O : X 0
fx(X)= 1 X <0 (2.40)
then we endup with arecti e d distribution, sothat P(X j ) = Ofor X < 0. The choiceof suc
atruncated distribution hasnoe ect onthe messagethat are passedduring inference,but will
a ect how the momerts of the distribution are calculated from the updated parameters(which
will lead to di erent outgoing messages).For example, the momerts of a rectied Gaussian
distribution are expressedin terms of the “erfc' function (seeAppendix A.2). Similarly, we
can considerdoubly truncated distributions which are non-zeroonly over some nite interval,
aslong asthe calculation of the momerts remains tractable.

2.2.2 Deterministic functions

We can considerably enlarge the class of tractable models if variables are allowed to be
de ned as deterministic functions of the states of their parent variables. This is achieved
by adding deterministic nodesinto the graph, whosestate is de ned to be a function of the
parent variables. The useof such deterministic nodesgreatly extendsthe applicability of this
approad; they have also beenusedto similar e ect in BUGS.
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a stochastic child node Z. The state of X is given by a deterministic function f of the state of

X,asP(ZjX). This in turn would dictate the form of the natural statistic vector uy of X,
whoseexpectation hux (X )ig would be the messagerom X to Z.

Returning to the casewhere X is deterministic, it is still necessaryto provide a messagdo
Z of the form hux (X)iq wherethe function uy is dictated by the conjugacy constraint. This
messagecan be evaluated only if it can be expressedas a function of the messagegrom the
parent variables, which are the expectations of their natural statistics functions thuy, (Y;)ig0.
In other words, there must exist a vector function ¢ sud that

distribution with the property that g(X) X jf(Yy;:::;Ym) dX =g f(Yg;:::;¥Ym) . The
cortribution to the lower bound from a deterministic node is zero.
Example: using a deterministic function as the mean of a Gaussian

Considera model where a deterministic node X is to be usedasthe mean of a child Gaussian
distribution N (ZjX: 1) andwhereX equalsa function f of Gaussian-distributed variables

Y1;:::;Ym . The natural statistic vectors of X (as dictated by conjugacy with Z) and those
of Y1;:::;Ym are
" #
X
ux (X) = X2 (2.42)
' #
Yi L
uy, (Yi) = V2 fori=1:::M (2.43)

The constraint on f is that ux (f) must be multi-linear in fuy,(Y;)g. Hence,f can be any
of products of other Gaussian-distributed variables.

Example: using a deterministic function as the precision of a Gaussian

As another example, consider a model where X is to be used as the precision of a child
Gaussian distribution N (Zj ; X 1) and where X is a function f of Gamma-distributed
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variables Y1;:::;Ym . The natural statistic vectorsof X and Yy1;:::;Ym are now
n #
X
ux (X) = (2.44)
. logX
Yi .
uy, (i) = fori=1:::M: (2.45)
log;

The multi-linearit y constraint now restricts f to be proportional to a product of the variables

Y1;:::;Ym asthe logarithm of a product can be found in terms of the logarithms of terms
in that product. Hencef = ¢ ", Y; wherec is a constart. Note that a function cortaining a
summation, such asf = ;Y;, would not be valid asthe expectation of the logarithm of the

sum cannot be found in terms of the individual expectations of Y; and logY;.

Validating chains of deterministic  functions

The validity of a deterministic function for a node X is dependert on the form of the stochastic
nodesit is connectedto, asthesedictate the functions ux and fuy, (Y;)g. For example,if the
function wasa summationf =, ;, it would be valid as connectedin the rst of the above
examplesbut not as connectedin the second. In addition, it is possible for deterministic
functions to be chained together to form more complicated expressions. For example, the
expressionX = Y; + Y,Y3 can be adchieved by having a deterministic product node A with
parents Y, and Y3 and a deterministic sum node X with parents Y; and A. In this case,
the form of the function ua cannot be determined directly. However, if a function node has
some of the neighbouring u functions available it may be able to determine what form the
remaining functions must take in order for that node to be valid. In this way, conjugacy
constraints may be propagated through deterministic nodes, so as to ched the validity of
entire subgraphsof deterministic nodes.

Alternativ ely, this complexity may be avoided by dictating the function uy, for eadh
deterministic node X; and using the existing mecanism for chedking conjugacy

Deterministic  node messages

To examine messageassingfor deterministic nodes, we must considerthe generalcasewhere
the deterministic node X has multiple children fZ;g. The messagérom the node X to any
child Z;j is simply

[
=]
X

=

i Ym))ig (2.46)
SIiMy, x): (2.47)

My z

|
X
)

3
<
il
X
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ux (F(YiisYm)) = xove fuyi (Yi)gisk Uy (Ye) +  fuy (Yi)disk (2.48)

where x.v, isamatrix function of the natural statistics vectors of the co-parerts of Y. The
messagdrom a deterministic node to a parent Yy is then

2 3

X
4

i

Mx1 v, = Mz x°  xv fMyir x Gisk (2.49)

which relies on having received messaged$rom all the child nodesand from all the co-parerts.
The sum of child messagescan be computed and stored locally at the node and used to
evaluate all child-to-parent messagesln this sensejt canbe viewed asthe natural parameter
vector of a distribution which acts as a kind of pseudo-psterior over the value of X .

2.2.3 Mixture models

Sofar, only distributions from the exponertial family have beenconsideredwithin the frame-
work. Often it is desirableto usericher distributions that better capture the true distributions
inherert in a data set. Mixture models, such asthe Gaussianmixture model of Section1.8.7,
provide one commonway of creating richer probability densities.

A mixture distribution is not in the exponertial family and cannot therefore be used di-
rectly asa conditional distribution within a conjugate-exponertial model. As in the Gaussian
mixture model example, we introduce an additional variable which indicates from which
componert distribution the data point was drawn and write the distribution as

¥
PXj:f @)= PuXj ) (2.50)
k=1
Conditioned on this new variable, the distribution is now in the exponertial family provided
that all of the componert distributions are alsoin the exponertial family. In this case,the
log conditional probability of X given all the parents (including ) can be written as

X
logP(Xj ; f «kg) = Rk TuX) + f(X) + g w) (2.51)
k

If X hasa child Z, then conjugacy will require that all the componert distributions have

the same natural statistic vector, which we can then call ux so: ui(X) = ux(X) = =

uk (X) et ux (X). In addition, we may chooseto specify, as part of the model, that all these

distributions have exactly the sameform (that is, f; = f, = = fg def fx ) although this

is not required by conjugacy In this case,where all the distributions are the same,the log
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conditional becomes
" #
X T
(5 K k() ux(X)+ fx(X)

logP (X j ; f «9)

+ (5 Ko ) (2.52)
k

ex (i F k@ Tux (X)+ fx(X)+ ge (8x (: f k@)  (2.53)

where the function g2 is a reparameterisation of gx to make it a function of the natural
parameter vector (as in Section 2.1.4). The conditional is therefore of the sameexponertial
family form asead of the componerts.

We can now apply variational messagepassing. The messagefrom the node X to any
child is huy (X)i ascalculated from the mixture parametervector €, (; f g). The message
from X to a parent | is the messagehat would be sert by the corresponding componert if
it were not in a mixture, scaledby Q( = k). Finally, the messagdrom X to is the vector
whosekth elemert is HogPy (X | ¥)i.

Use of a deterministic  pick function

An alternate approad to mixture modelsis to use a deterministic “pick’ function to select
between a number of latent variables. We introduce K latent variables Y7 ::: Yk ead with
conditional distribution Py(Yxj k). The variable X isthen setto bethe deterministic function

X = ., Yk(;k ). This deterministic function will be valid for all componert distributions
asit always satis es Equation 2.41, because:
. X . .
huy (X)i = h (; K)ihuy, (Yi)i (2.54)

k

and we cannote that h (; k)i = Q( = k) which is the kth elemen of the vector hu ( )i for
a discrete distribution. This approac speci es a di erent generative model to the above ap-
proach and the approximating distribution takesadi erent form. The variational distribution
is now

QfYkg:f kg )= Q ( )Y QYk(Yk)Y Q () (2.55)

which, in the original approad, is equivalert to k k
QX:f kg ) = Q( )Yk Qxj (Xj = k)Yk Q () (2.56)
= Qx (; X)Y Q  (w: (2.57)

k
k

The variational approximation now retains the joint distribution between X and rather
than being factorised, as in the previous case. In practice, the posterior distribution Q( )
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will often cornvergeto give almost all probability massto onevalue of and soretaining the
joint distribution provides practically no advantage. Furthermore, the latter caserequiresa
factor of k times as much storageto hold the momerts of X { an unwelcomeexpensein large
models. However, if it is expected that posterior probability masswill be spread amongst
more than onevalue of and that the state of will have signi cant impact on the inferred
state of X, then retaining the joint distribution will provide an advantage.

2.2.4 Multiv ariate distributions

Until now, only scalar variables have been considered. It is also possibleto handle vector
variables in this framework (or to handle scalar variables which have been grouped into a
vector). In ead case,a multivariate conditional distribution is de ned in P and the cor-
responding factor in Q will also be multiv ariate, rather than factorised with respect to the
elemerns of the vector. To understand how multiv ariate distributions are handled, consider
the d-dimensional Gaussiandistribution with mean and precision matrix °

S

P(xj ; Y= (i idexp x )T oxo) (2.58)

This distribution can be written in exponertial family form

" #T" #
ogN (xj ; Y= X +i(ogj j T

zcol( ) col(xx T) dlog2 ) (2.59)

wherecol() is a function that re-arrangesthe elemers of a matrix into a column vectorin some
consister fashion, such ashby concatenatingthe columns of the matrix. The natural statistic
function for a multiv ariate distribution therefore dependson both the type of the distribution

and its dimensionality d. As a result, the conjugacy constraint betweena parent node and a
child node will also constrain the dimensionality of the corresponding vector-valued variables
to be the same.

Multiv ariate conditional distributions cantherefore be handledin the Variational Message
Passingalgorithm like any other exponertial family distribution, which extendsthe classof
allowed distributions to include multiv ariate Gaussianand Wishart distributions.

A group of scalar variables can act as a single parent of a vector-valued node. This is
achieved using a deterministic concatenation function which simply concatenatesa number
of scalarvaluesinto a vector. In order for this to be a valid function, the scalar distributions
must still be conjugate to the multiv ariate distribution. For example, a set of d univariate
Gaussiandistributed variables can be concatenatedto act as the mean of a d-dimensional
multiv ariate Gaussiandistribution.

5The precision matrix of a multiv ariate Gaussian is the inverseof its covariance matrix.
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2.2.5 Summary of allowable models

In summary, the Variational MessagePassingalgorithm can handle probabilistic modelswith
the following very generalarchitecture: arbitrary directed acyclic subgraphsof multinomial
discrete variables (eadh having Dirichlet priors) together with arbitrary subgraphs of uni-
variate and multiv ariate linear Gaussiannodes (having Gamma and Wishart priors), with
arbitrary mixture nodesproviding connectionsfrom the discreteto the corntin uous subgraphs.
In addition, deterministic nodes can be included to allow parameters of child distributions
to be deterministic functions of parent variables. Finally, any of the contin uous distributions
can be singly or doubly truncated to restrict the range of allowable values, provided that the
appropriate momerts under the truncated distribution can be calculated.

This architecture includesasspecial casesnodelssuc asHidden Markov Models, Kalman
Iters, factor analysers,principal componert analysersand independert componert analysers,
aswell as mixtures and hierarchical mixtures of these.

2.3 VIBES: A Software Implemen tation

The framework described above has beenimplemented in a software padkage called VIBES
(Variational Inferencein BayESian networks). Inspired by WinBUGS (a graphical user in-
terface for BUGS by Lunn et al. [2000]), VIBES allows for modelsto be speci ed graphically,
simply by constructing the Bayesiannetwork for the model. This involvesdrawing the graph
for the network (using operations similar to thosein a drawing pacage) and then assigning
properties to ead node such asits name, the functional form of the conditional distribution,

its dimensionality and its parents. As an example, Figure 2.3 shows the Bayesiannetwork for
the univariate Gaussianmodel along with a screenshotof the samemodel in VIBES. Models
can also be specied in atext le, which corntains XML according to a pre-de ned model
de nition schema. VIBES is written in Java and so can be usedon Windows, Linux or any
operating systemwith a Java 1.3 virtual machine.

As in WIinBUGS, the convertion of making deterministic nodes explicit in the graphical
represertation hasbeenadopted, asthis greatly simpli es the speci cation and interpretation
of the model. VIBES also usesthe plate notation of a box surrounding one or more nodesto
denote that those nodes are replicated somenumber of times, speci ed by the parameter in
the bottom right hand corner of the box.

Oncethe model is speci ed, data can be attached from a separatedata le which cortains
obsened values for some of the nodes, along with sizesfor someor all of the plates. The
model canthen beinitialise d which involves: cheding that the model is valid by ensuringthat
conjugacy and dimensionality constraints are satis ed and that all parametersare speci ed;
cheding that the obsened data is of the correct dimensionality; allocating memory for all
momernts and messagesand initialisation of the individual distributions Q;.

Following a successfulinitialisation, inference can begin immediately. As inference pro-
ceeds,the current state of the distribution Q; for any node can be inspected using a range
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Figure 2.3: (a) Bayesiannetwork for the univariate Gaussianmodel. (b) Screenshotof VIBES
shawving how the samemodel appearsas it is being edited. The node x is selectedand the
panel to the left shows that it has a Gaussian conditional distribution with mean and
precision . The plate surrounding x shaws that it is duplicated N times and the heavy
border indicates that it is obsened (according to the currently attached data le).

of diagnosticsincluding tables of values and Hinton diagrams®. If desired, the lower bound
L (Q) can be monitored (at the expenseof slightly increasedcomputation), in which casethe
optimisation can be setto automatically terminate when the changein the bound during one
iteration drops below a small value. Alternativ ely, the optimisation can be stopped after a
xed number of iterations.

The software architecture of VIBES

The Javaimplementation of VIBES hasa modular architecture to provide easyof extensibility
and re-use. The software consistsof a set of reusablelibraries and a fairly small number of
VIBES-speci ¢ classesvhosemain purposeis to implement the Variational MessagePassing
algorithm. The libraries created for VIBES were:

A graph library: for creating and manipulating graphs and extending them with poten-
tials to form graphical models.

A dataset library: for handling multi-dimensional data sets of either double-precision
oating point numbers or genericobjects and iterating over such data sets. The library
also allows for saving and loading numerical data setsas Matlab les.

®For an example of a Hinton diagram, seeFigure 2.9.
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An algorithm library: classesfor generic iterative and graph algorithms along with
implementations of sampling methods, gradient descem and other algorithms.

A user interface library: a view/model based framework for automatically creating
user interfacescorresponding to particular objects. Within this framework, views were
created for graphs, data setsand arbitrary Java objects.

An XML marshalling library: for saving an arbitrary Java object graph to an XML le
and then recovering it.

The modular implementation makesit straightforward to add new inferencealgorithms, data
le types,views or other software componens. It also meansthat the libraries are readily
re-usablefor other projects. The author intends to make the sourcecode for these libraries
(and VIBES itself) available under an open sourcelicence,which will allow free re-useof the
libraries for non-commercial projects.

The implementation of Variational MessagePassinghas been optimised for speedat the
expenseof slightly increasedmemory usage. The memory required for the algorithm is dom-
inated by the storage of posterior parameters. For ead node, both the natural parameter
represenation and the momert vector are stored (to prevent having to continually cornvert
betweenthe two forms). This meansthat memory consumption has beene ectiv ely doubled
to adhieve signi cant improvemerts in speed. Nonetheless,the algorithm has been demon-
strated to be capable of performing inferenceon very large data sets. All required memory
is allocated during the initialisation of the algorithm, so as to minimise garbage collection
overheadduring inference.

The Variational MessagePassingimplementation is itself extensible in that new deter-
ministic functions or exponertial family distributions can be added by creating a single Java
classcorresponding to that function or distribution. The algorithm can be executedwithout
the VIBES front end or it can be invoked programmatically from another Java program.

2.4 Tutorial: the Gaussian Mixture Mo del

In this section, | will give a complete tutorial for using VIBES to perform inferencein a
GaussianMixture model. | will then demonstrate the exibilit y of VIBES by changing the
model to t the data better (using the lower bound as an estimate of the log evidencefor
ead model). The data set usedwill be the sametoy data set as usedin the mixture model
example of Chapter 1, shown in Figure 1.12a.

The rst stepis to load the data setinto VIBES. This is achieved by creating a node with
the name x which correspondsto a matrix x in a Matlab .mat le. As the data matrix has
dimensionsof 500 2, the node is placed inside two plates N and d which are given sizesof
500 and 2 respectively. The data lename (in this caseMixGaussianData2D.mat) is entered
and selectingFile ! Load data loadsthe data into the node. The nodeis marked asobsened
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Figure 2.4: A VIBES model with a single obsened node x which has attached data.

(shown with a bold edge)and the obsened data can be inspected by double-clicking the node
with the mouse. At this point, the display is as shavn in Figure 2.4.

The node x hasbeenmarked as Gaussianby default and sothe model is invalid as neither
the mean nor the precision of the Gaussianhave beenset (attempting to initialise the model
by pressingthe Init.  button will give an error messagdo this e ect). We can specify latent
variables for these parametersby creating a node for the mean parameter and a node for
the precision parameter. Thesenodesare created within the d plate to give a model which is
separableover eat data dimension. Theseare then setasthe Meanand Precision properties
of x, asshown in Figure 2.5.
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Figure 2.5: A two-dimensionalGaussianmodel, showing that the latent variables and are
being used as the mean and precision parameters of the conditional distribution over x.
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The model is still invalid as the parametersof and are unspecied. In this case,
rather than create further latent variables, theseparameterswill be setto xed valuesto give
appropriate priors (for example setting to have mean= 0 and precision= 0:01 and to
have a = 0:001 and b = 0:001). The model is now a two-dimensional Gaussian equivalent
of the model of Section 1.8.5 and variational inference can be performed automatically by
pressingthe Start button (which also performs initialisation). For this data set, inference
convergesafter four iterations and givesa bound of 1984 nats. At this point, the expected
values of ead latent variable under the fully-factorised Q distribution can be displayed or
graphed by double-clicking on the corresponding node.

Extending the Gaussian model to a Gaussian mixture model

Our aim is to create a Gaussiansmixture model and sowe must extend our simple Gaussian
model to be a mixture with K Gaussiancomponerts. As there will now be K sets of the
latent variables and , theseare placedin a new plate, called K, whosesizeis setto 20, as
before. We modify the conditional distribution for the x node to be a mixture of dimension
K, with ead componert being Gaussian. The display is then as showvn in Figure 2.6.
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Figure 2.6: An incomplete model which showsthat x is now a mixture of K Gaussians.There
are now K setsof parametersand so and have beenplacedin a plate K. The model is
incomplete asthe Index parent of x has not beenspeci ed.

The model is currently incomplete as making x a mixture requires a new discrete Index
parent to indicate which componert distribution ead data point was drawn from. We must
therefore create a new node |, sitting in the N plate, to represen this new discrete latent
variable. We alsocreatea node with a Dirichlet distribution which provides a prior over
The completed mixture model is shavn in Figure 2.7.
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Figure 2.7: The completed Gaussianmixture model shaving the discrete indicator node

Inference using the Gaussian mixture mo del

With the model complete, inference can once again proceed automatically by pressingthe
Start button. A Hinton diagram of the expected value of can be displayed by double-

clicking on the node, giving the result shovn in Figure 2.8. As can be seen,nine of the
twenty componerts have beenretained.

¥ pims [d e

&

Figure 2.8: A Hinton diagram shawing the expected value of for ead1 mixture componert.
The learned mixture consistsof only nine componerts.

The meansof the retained componerts can be inspected by double-clicking onthe node,

giving the Hinton diagram of Figure 2.9. Theselearned meanscorrespond to the certres of
ead of the data clusters.

= || Dims {KK,d
5 7 g

Figure 2.9: A Hinton diagram whosecolumns give the expected two-dimensionalvalue of the
mean for each mixture componert. The mean of ead of the eleven unused componerts is
just the expected value under the prior which, in this case,is (0;0). Column 4 corresponds
to retained componert whosemean is roughly (0; 0).
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A graph of the ewlution of the bound can be displayed by clicking on the bound value
and is shavn in Figure 2.10. The corverged lower bound of this new model is 1019 nats,
which is signi cantly higher than that of the single Gaussian model, shaving that there is
much greater evidencefor this model. As expected, the bound is the sameas the one found
when this exact model was implemented by hand.
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Figure 2.10: A graph of the ewolution of the lower bound during inference.

Mo difying the mixture model

The rapidity with which models can be constructed using VIBES allows new models to be
quickly developed and compared. For example, we can take our existing mixture of Gaussians
model and modify it to try and better explain the data.

Firstly, we may hypothesisethat the ead of the clusters have similar size and so that
they may be modelled by a mixture of Gaussian componerts with a common variance in
ead dimension. Graphically, this correspondsto shrinking the K plate sothat it no longer
contains the node, asshown in Figure 2.11a. The corvergedlower bound for this new model

[H=1E) £ viBES e
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(a) MixtureGOfGaussians2D.xml (b) MixtureofGaussians2D.xmi

Figure 2.11: (a) Mixture of Gaussiansmodel with sharedprecisionparameter (the nodeis
no longerinside the K plate). (b) Model with independert data dimensions,ead a univariate
Gaussianmixture with common variance.
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is 937 nats shawing that this modi ed model is better at explaining this data set than the
standard mixture of Gaussiansmodel.

We may further hypothesisethat the data set is separablewith respect to its two di-
mensions(i.e. the two dimensionsare independert). Graphically this consistsof moving all
nodes inside the d plate (so we e ectiv ely have two copiesof a one-dimensionalmixture of
Gaussiansmodel with commonvariance). A VIBES screenshotof this further modi cation is
shown in Figure 2.11b. Performing variational inferenceon this separablemodel leadsto each
one-dimensionalmixture having three retained mixture componerts and gives an improved
bound of -876 nats.

We will considerone nal model. In this model both the and the nodesare common
to both data dimensions,asshaown in Figure 2.12. This changecorrespondsto the assumption
that the mixture coe cien ts are the samefor ead of the two mixtures and that the component
variancesare the samefor all componerts in both mixtures. Inferenceleadsto a nal improved
bound of 856 nats. Whilst this tutorial hasbeenon a toy data set, the principles of model
construction, modi cation and comparisoncan be applied just asreadily to real data sets.

& VIBES E@@
File J
:@ %W @ [J | inference 1 B o M Reset Bound=-85552744

MixtureOfGaussians2D.xml [

Figure 2.12: Further modi ed mixture model wherethe and nodesare now common to
all data dimensions.

2.5 Discussion

The de nition of the standard variational inferencealgorithm (as describedin Algorithm 1.1)
doesnot specify a number of important details concerningthe variational optimisation. For
example,there is no standard way to initialise the factors of the Q distribution. In the creation
of a generalpurposevariational framework, it has beennecessaryto investigate theseissues
in order to create an approacd that will work in as wide a variety of models as possible, as
will now be discussed.



2.5. DISCUSSION 56

2.5.1 Initialisation of the variational distribution

The variational update of a particular factor Q; depends on the state of all other factors
fQjgjsi. It follows that, before inference can begin, all but one of the factors must be
initialised to suitable values. This initialisation providesthe “starting point' for the optimisa-
tion. The local maximum of the bound which the optimisation will nd will depend on this
initialisation.

In certain optimisations, there may be a number of solutions that are equally close (in
terms of KL divergence)to the true posterior. For example, if the model is invariant to
permutations of a subset of its parameters, there will be equivalent solutions with those
parameters permuted, a situation known as parameter non-identi ability . Which of these
solutions is reached will depend only on the initialisation of the factors. Hence,there can be
no single optimal initialisation.

This argumert implies that, whilst the initialisation is extremely important, there can be
no one general-purposeinitialisation method. In practice, the following methods have been
shown to work well:

initialising to very broad distributions and then adding random perturbations to allow
symmetry breaking;

optimising the Q distribution to be as closeto the prior distribution as possibleand
then using that optimised distribution (with random perturbations) asthe initial state;

initialising the mean of eadt factor distribution to a good ML or MAP solution.

It is straightforward to make the rst two methods automatic within the existing framework
(the secondrequires performing se\eral iterations of the messagepassingprocedurebut with
no obsened data). In order to make the third method available in VIBES, a facility hasbeen
included to allow custom initialisations to be used.

2.5.2 Interpretation as a factor graph algorithm

The variational messagepassing algorithm has beende ned on a directed graph; it is also
possibleto de ne the algorithm on a factor graph. This leadsto a simpler de nition and
allows comparisonwith other factor graph algorithms.

In the factor graph formulation of VMP, the function nodesare either stochastic (where
the function is a conditional probability distribution) or deterministic (where the function
is just the deterministic function itself). We can now de ne generic messagesrom variable
nodesto function node and vice versa. The messagdrom an unobsened variable node X; to
a function node f; is de ned to be

My, f; = Moments(Q;) (2.60)
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where Moments() is a functional which takesan exponertial family distribution and returns
a vector of its momerts { in other words, it returns hu;(X;)i. The messaggrom a function
node f; to a variable node X;j is

Mmi x; = NaturaI(Hi(nei)iQnemxj) (2.61)

where Natural() is a functional that takes an exponertial family distribution and returns
a vector of its natural parameters. Note that whether the function f; is deterministic or
stochastic, conjugacy constraints ensurethat the resultant expectation is an exponertial fam-
ily distribution over X;.

The updated distribution Q at a variable node X; is then updated from the sum of all
messageseceived at that node

X
Natural (Q (X)) = M1 x;: (2.62)

j2ne;
Comparison to belief propagation

Now that the variational messagepassingalgorithm has beende ned on a factor graph, it
can be compared to the Sum-Product algorithm, as de ned in Section 1.6.2. To aid the
comparison,we de ne a distribution within the Sum-Product algorithm
1Y
Py (Xi) = = Mt x, (2.63)
k2ne;j nj

which canbe interpreted asa pseudo-msterior probability over X; that excludesthe in uence
of the function nodej (and all nodesconnectedto i through j).

In addition, note that all the messagesn variational messagepassingare vectors of mo-
ments or vectors of natural parameters, either of which fully de nes the corresponding prob-
ability distribution. Therefore the messagesan be consideredas being the corresponding
distributions themselwes. The messagesand posterior distributions for ead algorithm can
then be written asin the table below, where eat Variational MessagePassing messageis
rede ned to be an exponertial family distribution rather than the momerts or natural pa-
rameters of that distribution.

Quantit y Sum-Pro duct Variational Message Passing
Variable-to-function P Qi
message
Function-to-variable h‘i(nei)iQk2r1einj B, Hi(nei)iQmGinj o
message ~ -
. 4 4
Posterior Z " i2ne M1 X, Z " i2ne M1 X,
distribution
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The only signi cant di erences betweenthe two algorithms are in the variable-to-function
messagend whenthe posterior is calculated. In the Sum-Product algorithm, the messagesert
from a variable node X is di erent for ead neighbour asit excludesthe e ect of any messages
received previously from that neighbour, to prevert double-courting. The exact posterior
distribution is then found after oneround of messageassing. However, in variational message
passing, an approximate posterior is maintained throughout and ead factor Q; updated
assuming that this approximate posterior is correct. It follows that the messagefrom a
variable node to ead neighbour is the sameand is just Q;.

2.6 Extensions to the Framew ork

In this section, a number of small extensionsto the variational inferenceframework will be
preseried. They are included to give an example of how the framework can be extended
to perform di erent inferencecalculations and to shav how the conjugacy constraints of the
framework may be overcomein certain limited circumstances.

2.6.1 Finding a Maxim um A Posteriori solution

As discussedin Section 1.8.6, it is possibleto obtain a single value for a latent variable
by maximising the posterior probability with respect to that variable. Sudch a Maximum
A Posteriori (MAP) solution may, of course, lead to problems as it will not capture the
uncertainty in the variable's value. However, if desired, a MAP solution can be obtained
using the variational messagepassingframework as follows. As discussedpreviously, a MAP
solution correspondsto using a variational distribution which is a delta function

QP (H)= (H H) (2.64)
whereH is the MAP solution. This can be written in factorised form as

QYA (H) = Y (Hj Hj): (2.65)
i

andsoQj(H;j) = (H; H; ). In section 1.8.4,it was shown that the KL divergencebetween
the approximating distribution and the true posterior is minimised if KL (Qj jj Q;) is min-
imised, where Q; is the standard variational solution given by Equation 1.52. Normally, Q;
is unconstrained so we can simply setit to Q;. However, in this case,Q; is a delta function
and sowe haveto nd the value of H; that minimises KL( (H; H; ) j Q; ). Unsurprisingly,

this is simply the value of H; that maximisesQ; (H;).
In the messagepassingframework, a MAP solution can be obtained for a particular latent

variable H; directly from the updated natural statistic vector ; using
Tdui(Hp) _ (2.66)

(D
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For example, if Q; is Gaussianwith mean thenH; = orif Q; is Gammawith parameters
a; b, then HJ- =(a 1=h

Giventhat the variational posterior is now a delta function, the expectation of any function
f (Hj) under the variational posterior is just f(Hj ). Therefore, in any outgoing messages,
tuj (Hj)i is replaced by uj(H;). As all surrounding nodes can processthese messagesas
normal, a MAP solution may be obtained for any chosensubsetof variables(such asparticular
hyper-parameters), whilst a full posterior distribution is retained for all other variables.

2.6.2 Non-conjugate priors

The parametersof someexponertial family distributions do not have conjugate prior distribu-
tions in the standard exponertial family. For example, there is no conjugate distribution for
the shape parameter a of the Gamma distribution. This meansthat there is no way to learn
a posterior distribution over a Gamma shape parameter in the existing conjugate-exponertial
framework.

The purpose of the conjugacy constraint is two-fold. First, it meansthat the posterior
distribution of ead variable, conditioned on its neighbours, has the sameform as the prior
distribution. Hence, the updated variational distribution factor for that variable also has
the sameform and inferenceinvolvesjust updating the parametersof that distribution. Sec-
ondly, conjugacyresultsin variational distributions beingin standard exponertial family form
allowing their momerts to be calculated analytically.

If we ignore the conjugacy constraint, we get non-standard posterior distributions and
we must resort to using sampling or other methods to determine the momerts of these dis-
tributions. The disadvantages of using sampling include computational expense,inability to
calculate an analytical lower bound and the fact that inferenceis no longer deterministic for
a given initialisation. The use of sampling methods will now be illustrated by an example
shawing how to samplefrom the posterior over the shape parameter of a Gamma distribution.

Example 2.1: Learning a Gamma shape parameter

Let us assumethat there is a latent variable a which is to be used as the shape
parameter of K gammadistributed variablesfxq:::Xxx g. We choosea to have a
non-conjugate prior of an inverse-Gammadistribution:

P(@j : )/ a ‘lexp — (2.67)

The form of the gammadistribution meansthat messagesert to the node a are
with respect to a natural statistic vector

" #
_ a
Ua= g (2.68)
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which meansthat the updated factor distribution Q, hasthe form

" #r" #
X a

logQ,(a) = My;1 a + ( l)loga —+ const (2.69)
This density is not of standard form, but it can be shown that Q (loga) is log-
concare, so we can generateindependert samplesfrom the distribution for loga
using Adaptiv e Rejection Sampling (ARS) [Gilks and Wild 1992]. These samples
are then transformed to get samplesof a from Q,(a), which is usedto estimate
the expectation hu(a)i. This expectation is then sert asthe outgoing messageo
ead of the child nodes.

Each factor distribution is normally updated during every iteration and so, in
this case,a number of independert samplesfrom Q, would have to be drawn
during every iteration. If this proved too computationally expensiwe, then the
distribution needonly be updated intermittently.

It is worth noting that, asin the above example,BUGS alsousesARS for sampling when the
posterior distribution is log-concave but non-conjugate whilst also providing techniques for
sampling when the posterior is not log-concave. This suggeststhat non-conjugate parts of a
general graphical model could be handled within a BUGS-style framework whilst VIBES is
usedfor the rest of the model. The resulting hybrid variational/sampling framework would,
to a certain extent, capture the advantagesof both techniques. However, further exploration
of such hybrid inferenceframeworks is beyond the scope of this thesis.

2.7 Summary

In this chapter, | have dewveloped the Variational MessagePassing algorithm which allows
automatic variational inferencein conjugate-exmnertial models using a fully factorised vari-
ational distribution. A software padkage, VIBES, which implements the Variational Message
Passingalgorithm, hasbeendescribed and a short tutorial provided to give an example of its
use. By framing Variational MessagePassingas an algorithm on a factor graph, it has been
comparedto the Belief Propagation algorithm and found to have considerablesimilarities.
Finally, a number of small extensionsto the algorithm have beendiscussed.

In the following chapter, | look at the application of Variational MessagePassingand
VIBES to the problem of modelling image subspaces.
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